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Summary 
Momentum differences between the neighboring streamlines at the end 
wall/primary flow interaction region of an axial turbine stage induce three-
dimensional vortical flow structures, such as the leading edge horseshoe vortex, 
resulting in significant aerodynamic performance deterioration. Reducing the 
effect of such flow instabilities requires turbine blade modification to discourage 
boundary layer roll-up, but traditional structural modification design systems can 
be prohibitively complex and time-intensive.  
To address this problem, this study contributes a blade modification method 
involving airfoil shape optimization, designed to adjust the leading edge airfoil 
shape in horseshoe vortex-affected turbine applications. The key insight is that 
airfoil design (treated as a blunt body) does not consider incoming flow 
possessing various layers with different momentum, and two-dimensional total 
pressure and temperature radial distributions are unrealistic; the hub and tip 
sections operate at off-design-like conditions, i.e., the velocity triangles are 
unrepresentative of actual boundary conditions. This airfoil shape optimization 
approach utilizes actual incoming span-wise boundary conditions, obtained from 
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3D CFD, to establish new velocity triangles at the hub and tip regions, and to 
redesign the corresponding airfoil sections in light of the newly acquired triangles.  
The presented results from a 1.5-stage axial turbine simulation demonstrate that 
adapting rotor blade hub and tip sections to the incoming radial flow distribution 
can significantly diminish the rotor passage and horseshoe vortices and can 
considerably improve overall rotor blade efficiency.  
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Chapter 1 
Introduction 
The ability to analyze gas turbine engine performance has been increasingly 
improving through the numerical solutions of equations governing engine viscous 
internal flows. Compared to experimental testing, three-dimensional codes have 
the potential to significantly economize costs – especially in the development of 
innovative designs. Developments in computational hardware have allowed for 
these codes to expand in complexity; however it is up to the gas turbine engine 
designer’s discretion as to how efficiently they make use of the computational 
power.  As an alternative to computationally-expensive incrementalism, 
opportunities exist to create design methodologies which address the root cause 
and identify design solutions to common aerodynamic problems. 
One such problematic situation is the presence of a vortical flow structure labeled 
“horseshoe vortex”. As a turbulent boundary layer approaches an obstruction, 
such as when annulus wall boundary layers approach turbomachinery blades, 
variations in momentum can lead to flow separation at the wall; the resulting flow 
reversal region brings flow from outside the boundary layer closer to the endwall 
and the existence of pressure gradients create an environment that empowers 
vortex formation and loss generation – Figure 1.1 illustrates this phenomenon. 
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Figure 1.1: Formation of Horseshoe Vortex (HSV) around cylinder mounted on endwall [Eckerle, 1985].
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Studies concerning geometrical modifications to HSV-affected turbomachinery 
blades, aimed at inhibiting this loss generation mechanism, have been conducted 
but many focused on the incrementalism of geometrical features. This numerical 
effort is intended to offer an alternative. The design methodology is developed to 
identify flow characteristics responsible for this complex flow regime and to 
mitigate their formation in a turbomachinery stage. 
1.1  Overview and Objective 
The purpose of the study was to advance the validity of an optimization* design 
approach for turbomachinery blades which suffer from the presence of the 
horseshoe vortex – primarily through numerical investigation of an axial turbine 
rotor blade. In figure 1.2, an overview of the analysis is provided.    
*Note: Optimization in this study refers to the restructuring of velocity triangles 
to incorporate realistic boundary conditions (i.e. viscous affects), not the 
traditional definition of iterating parameters towards a best element (with regards 
to some criteria) from some set of available alternatives. 
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Figure 1.2: Computational analysis flow chart. Overview of the analysis performed in this study to mitigate horseshoe vortex 
presence through an optimization design approach. 
 
In chapter two, the theory behind the HSV is discussed, followed by a technical 
examination of HSV effects on aerodynamic performance with some insight into 
alternative investigations and their respective findings. A brief summary of 
[relevant] computational fluid dynamics is also given for the reader to understand 
some limitations that were encountered throughout this study. 
Chapters three and four are dedicated to presenting the velocity triangle 
optimization-driven approach and the CFD modeling, respectively. For the 
purpose of this study, optimization is defined as using the presented approach to 
perform a blade shape redesign primarily aimed at mitigating, or eliminating, 
HSV formation.  A generic low pressure turbine rotor blade is investigated 
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through CFD analysis and optimized in chapter five. Simulation results are 
provided alongside a detailed comparison of the baseline versus optimized 
airfoils.  
In order to draw a conclusion as to the effect of this optimization approach on 
axial flow turbine rotors, four (4) particular objectives were established for this 
study: 
 Use 3D RANS CFD to identify HSV presence in a generic axial turbine 
rotor blade, and show formation with adherence to theory. 
 Understand flow physics and examine faulty boundary conditions. 
 Redesign rotor airfoil sections to proper boundary conditions. 
 Use 3D RANS CFD to analyze new design and perform a comparison 
study. 
Likewise, the following metrics were particularly observed during the numerical 
investigation: 
 3D visualization of vortical structures at hub and tip regions of observed 
rotor blade, at: leading edge, suction surface, and pressure surface. 
 Pitchwise Mach profiles along leading edge endwalls. 
 Pressure and velocity distribution on blade surface at different spanwise 
locations. 
 Spanwise distribution of pitchwise averaged total pressure and 
temperature profiles at rotor trailing edge. 
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1.2 Methodology and Differentiation 
The phase of this study dedicated to numerical investigation was performed 
through the assistance of commercial CFD software. As part of the ANSYS1 
license package available to Embry-Riddle Aeronautical University for 
educational utilization, the component systems: BladeGen, TurboGrid, and CFX 
were used in collaboration to facilitate turbomachinery blade design, meshing, 
flow simulation, and results visualization.  For comparison of aerothermodynamic 
performance, resulting data was exported into Microsoft Excel2 to be visually 
represented through graphs.  
As a brief note on the methodology which is a focus of this paper (a detailed 
elaboration can be found in chapter three), velocity triangle optimization refers to 
the modification of an airfoil shape through the manipulation of its corresponding 
blade angles and curvature, which are dictated by flow properties (i.e. various 
components of velocity). The “optimization” aspect emerges after the designer 
has upstream aerothermodynamic data available; such data allows for the hub and 
tip blade sections to be redesigned for the respective flow which those sections 
encounter. It is the hypothesis of this method that HSV formation is caused due to 
the design of a blade to unrealistic boundary conditions. The key insight is that 
airfoil design (treated as a blunt body) does not consider incoming flow 
possessing various layers with different momentum, and therefore, the existing 
                                                          
1
 ANSYS Workbench Version 14.5; a commercially-available engineering simulation software package.  
2
 Microsoft Excel 2010; a spreadsheet application. 
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two-dimensional total pressure and temperature radial distributions are unrealistic. 
The hub and tip sections operate at off-design-like conditions (e.g., velocity 
triangles are unrepresentative of actual boundary conditions). This airfoil shape 
optimization approach establishes new velocity triangles at the hub and tip 
regions that are representative of the specific incoming flow.  
Unlike endwall profiling methods employing leading edge fillets - which can 
come in a variety of shapes and sizes and are discussed in more detail in chapter 
two - the aspiration of this approach is to determine the root cause of the HSV 
aerodynamic phenomenon, and establish a particular blade profile that 
discourages HSV formation. Where previous investigations tested several leading 
edge fillet geometries to determine optimal design, the resulting outcome of this 
approach allows for specific airfoil profile definition for a particular blade and its 
corresponding upstream conditions. Compared to previous investigations, the 
methodology presented in this paper aims to simplify the optimization process, 
eliminate the ambiguity of hap-hazardly defined fillets, and reduce computational 
time.   
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Chapter 2 
Background 
 
In this chapter, the prevailing aerodynamic phenomena responsible for HSV 
formation are discussed.  The first section focuses on introducing and 
characterizing the aerodynamics of the complex flow in an axial turbine stage, 
followed by a detailed look into the HSV and the resulting losses which impact 
turbine passages. A brief literature review is presented outlining former 
investigations into HSV mitigation, as well. The last section presents some 
relevant CFD concepts which gave valuable insight into the analysis of complex 
flow phenomena. The understanding of such phenomena allow for proper 
guidance in using the optimization approach presented in this paper. This 
approach is detailed in chapter 3.     
 
2.1  Secondary Flow Structures 
The complex (three-dimensional) nature of turbine passage flow inherently lends 
itself to various aerodynamic mechanisms which result in loss [Acharya and 
Mahmood, 2006]. Particularly in the endwall region, the flow field is dominated 
by the boundary layer, strong pressure gradients, and pitchwise cross flow. The 
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presence of these endwall flow components leads to the primary flow not 
satisfying the momentum equation in the radial direction everywhere, requiring a 
“correction” to the flow which is defined as secondary flow [Taylor, 1968]. 
Taylor compared secondary flow to the gathering of tea leaves at the bottom of a 
cup – the stirring of one’s cup imparts circular motion which should centrifugally 
separate the tea leaves from the liquid and send them to the perimeter, yet the 
existence of secondary flow phenomena causes the tea leaves to seek the center 
bottom of the cup. 
Secondary flows naturally occur when fluid particles possessing rotation are 
turned (e.g., by a cascade) [Dixon and Hall, 2010]. As can be seen in Fig 2.1, a 
swirling motion of the cascade exit flow is in opposite directions for the two wall 
boundary layers, and induces a distribution of secondary vorticity along the blade 
length.  
 
Figure 2.1: Secondary vorticity produced by a row of guide vanes (left) and secondary flows at exit from a blade passage 
viewed in upstream direction (right) [Dixon and Hall, 2010].  Generic representation of secondary flows, as found in 
turbomachinery application. 
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Such complex flow is characterized by a large number of non-uniformities, where 
pitchwise and spanwise pressure gradients result respectively from different 
accelerations of the flow along the pressure side and suction side [Denos et al., 
1999]. It has been observed that blades with low aspect ratios (e.g. axial turbine 
blades) suffer from particularly strong secondary flows, where the downstream 
blade row sees changes in the static pressure, inlet relative total pressure and 
temperature, and the relative inlet angle. With varying pressure distribution and 
boundary layer characteristics occurring in the rotor passage, attempts at 
accurately predicting stage losses proved challenging and losses are often 
underestimated [Hodson, 1983].  
Streamwise mean vorticity is generated by lateral deflection or “skewing” of a 
preexisting shear layer [Bradshaw, 1987]; the skewed boundary layer has 
components of velocity varying in both magnitude and direction. The formation 
of 3D flow can be simplified into initially considering 2D boundary layer 
developing on a surface. The introduction of a pressure gradient, possessing a 
pitchwise velocity gradient, that is small compared to the spanwise velocity 
gradients, deflects the 2D boundary layer into a vortical flow structure. Early 
theories on secondary flows from [Squire and Winter, 1951], [Hawthorn, 1955], 
and [Smith, 1955] attempted to pioneer the understanding of vorticity with 
components perpendicular to the streamwise direction. Other early work by 
[Horlock and Lakshiminarayana, 1973] attempted to manipulate the mean 
vorticity equation in order to formulate a secondary flow formula, which stated 
that vortex lines were approximately skewed through an angle equal and opposite 
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to that through which the flow has turned. These early theories inspired studying 
various flow features that were identified in the exit flow field of a blade row, 
such as wakes and streamwise vortices [Pullan, 2006], due to their connection 
with secondary flows and undesired nature for loss generation. Pullan’s 
experimental study of a three-dimensional stator-rotor interaction in a turbine 
stage concluded that vortices downstream of a rotor can be caused by the stator 
exit flowfield.  
 
2.2  Horseshoe Vortex 
With a brief understanding of secondary flow manifestation, it is now appropriate 
to discuss the subsequent horseshoe vortex at the blade leading edge, which is the 
primary focus of this study. When the near-wall flow field possesses strong 
secondary flow and approaches a blade row, a vortex is formed near the junction 
of the blade leading edge and the endwall termed the leading edge horseshoe 
vortex [Acharya and Mahmood, 2006]. The term originates from the tendency of 
the HSV to split at the leading edge, propagating downstream into the blade 
passage on both the pressure and suction sides.  
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Figure 2.2: HSV inception [Schlichting, 1979]. 
 
As the vortex segments propagate along the blade sides, they allow for the 
formation of another vortex phenomenon known as the passage vortex; the 
passage pressure gradient guides the pressure side flow towards the suction side, 
merging the two flows into the stronger passage vortex. Due to HSV formation 
being the prerequisite to passage vortex formation, this study will primarily focus 
on the HSV (the mitigation of which is hypothesized to fundamentally reduce the 
passage vortex presence). 
The leading edge of a blade is paramount in HSV formation, for it acts as an 
obstruction to the flow, creating an adverse pressure gradient in the region 
directly upstream [Eckerle, 1985]. Separation occurs as the incoming low 
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momentum flow in the boundary layer encounters the pressure gradient, creating a 
reverse-flow region and bringing higher momentum flow from outside the 
boundary layer closer to the endwall. The resulting vortex roll-up (HSV) exists in 
this relatively small region, the center of which is located in between the blade 
leading edge and a location termed saddle point, where the HSV reverse-flow 
meets the incoming boundary layer and the flow measures maximum kinetic 
energy, as is illustrated in Fig 2.2. It is interesting to note that the leading edge 
radius of curvature and oncoming boundary layer thickness influence the location 
of the saddle point. HSV formation leads to the inception of several other vortex 
phenomena, as is illustrated in Fig 2.3.  
 
Figure 2.3: Sketch of endwall flow pattern in front of blunt body [Eckerle, 1985]. The saddle point can be identified by region 
where incidence angle is zero and opposing flows meet.  
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Figure 2.4: Schematic representation of typical time-mean symmetry plane streamlines for a horseshoe vortex system 
[Sabatino and Smith, 2009]. This schematic shows that HSV system is comprised of at least four (4) vortical structures.  
 
2.3  Aerothermal Losses  
Although difficult to identify the exact source of aerodynamic loss in 
turbomachinery, agreement exists on its end result: a rise in entropy and a 
reduction in total pressure compared to an ideal value [Cumpsty, 1989].  
Vortices are detrimental to turbomachinery performance for multiple reasons: 1) 
downstream unsteadiness due to oscillations in the relative flow being seen by 
the row immediately downstream, 2) decay of the vortex energy is converted into 
internal energy that cannot be recovered, 3) blockage to the main flow through 
the blade passage, 4) complex heat transfer that may lead to breaking up film 
cooling flow which brings freestream gas in contact with blade surfaces, 5) three-
dimensionality to the flow field changing the incidence angle to the downstream 
blade row, and 6) reduced blade loading on the blade’s pressure surface 
[Tallman, 2002].  
31       Background 
 
M.Sc. thesis                                                                                                                     V. Shulman 
 
2.4  Former Investigations of Mitigating Horseshoe 
Vortex 
Several methods have been employed in the past for the specific purpose of 
minimizing secondary flows in axial turbine cascades. Such methods have 
focused on manipulating the endwall and leading edge of stator airfoils into 
shapes defined by contours. The endwall profiling work attempted to redistribute 
pressure and loading near the endwall of the blade, allowing for improved 
performance due to improved flow to the downstream cascades.  
[Harvey et al., 2000] investigated a non-axisymmetric (with axial and pitchwise 
variations) turbine endwall design. A linear design method was created for the 
purpose of allowing the investigation of a large number of contour possibilities. In 
this study, two designs were evaluated with contours that were defined through 
arbitrary dimensions. Calculating the effects of endwall perturbations on the flow 
field using a three-dimensional pressure correction based RANS CFD code, it was 
concluded that the non-axisymmetric profiles significantly reduced secondary 
flows and exit angle deviations. However, the overall reduction in loss was 
calculated to be small. 
[Sauer et al., 2001] investigated a bulb design that was achieved through a local 
thickness increase of the leading edge and endwall profile. This study aimed to 
create a strong suction side branch of the horseshoe vortex in order to interact (by 
its opposite rotational direction) with the main passage vortex such that it would 
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move it away from the suction side profile boundary layer. The endwall loss 
reduction would result from the reduced interaction of the passage vortex with the 
profile boundary layer. The bulb profile was designed with arbitrary dimensions. 
Experimental results for a highly loaded low pressure turbine at low velocities 
were acquired through testing in a low speed cascade wind tunnel, and compared 
to a numerical analysis (using the commercial flow solver NUMECA and the 
Baldwin-Lomax turbulence model). It was concluded that the bulb design 
successfully intensified the suction side branch of the vortex, moving it away 
from the suction side profile boundary layer and reducing endwall losses by 
~50%.  
[Zess et al., 2002] investigated a fillet design aimed at accelerating the incoming 
boundary layer in order to mitigate the effect of the hub section total pressure 
gradient. Nine different fillet designs were simulated, with a symmetric design 
having a linear slope approaching stagnation, and having arbitrary dimensions. 
CFD studies (performed using the commercial software Fluent 5 with a RNG-kε 
turbulence model with nonequilibrium wall functions) were compared to 
flowfield measurements taken from a large-scale linear vane cascade. This study 
concluded that the turbulent kinetic energy levels were significantly reduced in 
the endwall region due to the absence of the horseshoe vortex. [Lethander et al., 
2004] investigated an alternative fillet design aimed at minimizing adiabatic wall 
temperatures. This numerical study used the commercial software FLUENT with 
the RNG- kε turbulence model with nonequilibrium wall functions, mated with 
iSIGHT to perform optimization algorithms. Inlet boundary conditions included 
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spanwise profiles of velocity, turbulent kinetic energy, and turbulence dissipation 
rate which were generated using the two-dimensional boundary layer code 
TEXSTAN. A parametric model of the turbine vane leading edge fillet was 
created, initialized with arbitrary dimensions, and optimized through numerous 
CFD simulations. Results of this study concluded that a large fillet was needed for 
maximum thermal benefit, and a reduction in the horseshoe vortex was observed. 
Another computational study by [Harvey and Ramsden, 2000] solved for the 
flowfield around a turbine blade with pressure and suction side winglets. 
Winglets, as extruding plates on tip sections of the blade, have been studied to 
primarily reduce leakage flow at the tip gap region for nonshrouded blades. As 
obstructions to the flow which have an effect on flow momentum, these winglets 
diminished vortex formation. The utilization of winglets showed improved 
performance as evidenced by total pressure values at exit of the passage, as well 
as reduction in secondary flow activity.   
The previously discussed studies primarily focused on the incrementalism of 
blade geometrical features for the purpose of introducing an obstruction to the 
portion of the flow possessing varying momentum. [Attia et al., 2013] identified 
an alternative design methodology that utilized realistically-computed upstream 
boundary conditions to a HSV-affected stator to redesign the velocity triangles of 
the hub and tip airfoil sections. The resulting stator blade possessed hub and tip 
airfoil sections with increased camber and chord, affecting the saddle point of the 
HSV; Fig 2.3 shows the improved blade shape. The numerical study concluded 
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significant HSV diminishment at stator leading edge, as well as improvement in 
upstream vane conditions. The methodology pioneered by [Attia et al., 2013] 
inspired the study presented in this paper; its application to a rotor blade is 
detailed in Chapter 5. 
      
Figure 2.5: New generation stator vane design (left) and corresponding total pressure contour (right) for previous 
investigation utilizing the velocity triangle optimization methodology [Attia et al., 2013]. 
 
2.5  Computational Fluid Dynamics 
Computational Fluid Dynamics (CFD) has the ability to develop a comprehensive 
numerical system to simulate the three-dimensional flow field in various parts of a 
gas turbine machine [Peng, 2007]. In the hands of an engine designer, the use of 
CFD allows for iterative modification of flow field until a satisfactory solution is 
established. 3-D design has thus been evolving to allow for the calculation of 
increasing number of flow features, while relying less on prescribed correlations. 
Continuous advancement in computer technology is playing a pivotal role in the 
ever-growing popularity of CFD in the scientific community. A condensed 
process for typical CFD investigation is shown in Fig 2.4. 
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Figure 2.6: Basic process of CFD [Zuo, 2005]. 
 
2.5.1  Gas Turbine 3D Navier-Stokes Analysis 
In turbomachinery, many flow features are fully three-dimensional. Such 
complexity proves extensively difficult to be modeled through analytical methods. 
One-dimensional calculations determine annulus shape and mean blade angles, 
and throughflow calculations obtain spanwise variations in flow angle at the inlet 
and outlet locations of blade rows using preimarily empirical loss prediction 
relations. These methods share weaknesses in properly predicting off-design 
recirculating flows, effects of blade lean and sweep, or secondary flows. Although 
being computationally expensive, Navier-Stokes solvers aim to predict secondary 
flows due to inlet endwall boundary layers (provided boundary conditions are 
known) [Denton and Dawes, 1999].       
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Various flows encountered in turbomachinery applications have been extensively 
studied numerically using steady-state Reynolds-averaged Navier-Stokes (RANS) 
models [Levchenya, et al., 2010].  Levchenya analyzed the capabilities of two-
equation turbulence models to predict secondary flow features, namely the 
vortices, near the blunt edge of a symmetric body mounted on a plate, using 
ANYSYS CFX. The study was able to find acceptable agreement compared to 
experimental data.  
Turbulence Modeling 
In order to properly capture the turbulent nature of the HSV phenomena through 
numerical simulation, turbulence modeling is utilized. [Ho and Lakshminarayana, 
1994] numerically investigated secondary flows in axial turbine cascades, 
comparing the k-ε two-equation turbulence model to experimental data. The study 
concluded that the numerical simulation adequately modeled the endwall flow.  
[Cleak and Gregory-Smith, 1991] compared several turbulence models (mixing 
length, one equation model, and k- ε /mixing length hybrid), also for secondary 
flow analysis in axial turbine cascades, concluding that while the k- ε model gave 
good turbulent kinetic energy values, there was difficulty in accurately predicting 
the turbulent shear stresses in the vortex region. [Bakker, 2006] makes note that 
the k- ε model poorly predicts swirling and rotating flows, and flows with strong 
separation. The sheer stress transport (SST) model is a combination of the k- ε 
model in the free stream and the k- ω model near the walls; its advantages over 
the standard k- ε model, especially in the favorable pressure gradient environment 
of a turbine stage, lead to its selection in this study.   
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Grid System 
[Choi and Knight, 1991] developed a method to generate H and O-H grid systems 
for 3D gas turbine geometries – solving a set of elliptic equations starting from an 
initial grid system generated algebraically. A study was performed with 3D heat 
transfer calculations and compared with experimental results considering the Low 
Aspect Ratio Turbine (LART) and using a two-equation turbulence model. It was 
concluded that the O-H grid obtained adequate values for orthogonality and 
smoothness, even in the presence of high turning guide vanes. The computed heat 
transfer coefficient agreed well with the experiment along the suction surface, 
including laminar-to-turbulent transition behavior.  
 
2.5.2  Limitations of CFD 
The main modeling limitation for 3D calculations on single blade rows arises 
from the boundary conditions applied at the inlet and exit, which have to be 
obtained from a throughflow calculation [Denton and Dawes, 1999] for realistic 
analysis. Performance predictions from throughflow calculation are generally 
derived using 2D empirical values for profile loss correlations; the treatment of 
annulus endwalls is inherently inviscid, where the losses from total pressure and 
temperature exhibit unrealistic behavior due to radial redistribution of losses and 
energy inside a turbomachine through spanwise mixing [Simon, 2007]. Although 
there has been extensive work in determining adequate values for losses and 
deviation, blockage factors are still extensively utilized to deal with end-wall 
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effects [Attia, 2005]. The resulting mass flow correction is a sensitive quantity 
relying on empiricism - its misrepresentation in throughflow calculation leads to 
miscalculation of efficiency and stall margin. Such inadequacies can be resolved 
through integration with higher fidelity CFD.  
Accuracy is always limited by the turbulence and transition models [Denton and 
Dawes, 1999]. Since every scale of motion cannot be easily computed, and 
turbulent motions affecting flow cannot be resolved directly in steady-state 
solutions, these unsteady motions require turbulence modeling. The numerous 
turbulence models in existence apply various governing equations and are suitable 
for numerous flow physics; each model possessing distinct strengths and 
weaknesses. A brief comparison of common turbulence models are presented in 
[Bakker, 2006]. Likewise, various sources of numerical approximation errors 
exist: spatial and temporal discretization, iterative convergence, and computer 
round-off. These errors, as well as various sources of uncertainty, are well 
documented in [Faragher, 2004]. 
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Chapter 3 
Velocity Triangle 
Optimization 
3.1  Velocity Triangle Theory 
Considering two-dimensional flow to occur in the tangential plane at a particular 
radius, the flow velocity possesses two (2) components: axial and circumferential 
- neglecting the radial component - and is considered in two (2) frames of 
reference: absolute (fixed to the stator component) and relative (fixed to the rotor 
component). The velocity diagram, with associated meridional view and blade 
configuration, for a typical turbine are shown in Fig 3.1.  
A quick note on the notation that will be used throughout this study: Sign 
convention will describe positive rotation as clockwise. Fluid velocities observed 
from the absolute frame of reference are denoted by  , and velocities in the 
relative frame of reference are denoted by  . Axial components of velocity are 
denoted by subscript    and circumferential components are denoted by subscript 
 , where   denotes the blade speed due to rotation.  Angles are measured from 
the axial direction, and the angle made by the absolute velocity with the axial 
direction and the angle made by the relative velocity with the axial direction are 
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denoted as   and  , respectively. The vector relationship between these quantities 
can be expressed as: 
 ⃑⃑   ⃑⃑⃑⃑   ⃑⃑  
As air flow leaves the high pressure turbine section it approaches the low pressure 
stator vane with an absolute speed      and an angle (    to the axial direction. 
Flow is accelerated through the converging stator passage leading to an increase 
in absolute velocity         , decrease in static pressure         , and slight 
decrease in total pressure            due to the presence of aerodynamic 
losses. The exiting flow approaching the rotor vane possesses absolute speed      
at an angle (   , with rotational speed      the relative velocity      is inclined 
at a relative flow angle (  ) to the axial direction.  Work is extracted from the 
flow through the rotor; the exiting flow experiences a decrease in absolute 
velocity          with a corresponding increase in relative velocity     
    and flow angle         . The static pressure decreases         , 
alongside total pressure           . This expansion process is detailed in the 
enthalpy-entropy diagram of Fig 3.2. 
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Figure 3.1: Meridional view, blade configuration, and stage velocity triangle configuration for a typical turbine, adapted from 
[Attia, 1995]. 
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Figure 3.2: Ethalpy - Entropy diagram of a typical turbine stage [Attia, 1995]. Represents expansion process (work extraction). 
 
3.1.1  Fundamentals 
Velocity triangles are useful in visually relating the relative frame flow properties 
to the stationary (absolute) frame, and are established through the following 
relationships:  
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Blade vane exit conditions are determined through the use of Euler’s 
turbomachinery equation which represents the conservation of angular 
momentum, and expresses specific work as: 
        ( ⃑      ⃑⃑  ⃑) 
 
Although velocity triangles consider two-dimensional flow neglecting spanwise 
(radial) velocities, the reality of three-dimensional flow effects (i.e. presence of 
endwall viscous layers, inlet flow non-uniformity, etc.), requires the utilization of 
3D design solutions to adequately establish blade geometry from hub to shroud. 
These 3D design solutions are met with distinct challenges due to the nonlinearity 
of the equations of motion, requiring simplifying assumptions for the physical 
44       Velocity Triangle Optimization 
 
M.Sc. thesis                                                                                                                     V. Shulman 
modeling. [El-Sayed, 2008] provides a thorough account of some analytical 
solutions. 
One such commonly used design simplification assumes that all radial motion of a 
particle takes place within the blade row passages and flow outside the row is in 
radial equilibrium (pressure forces balance centrifugal forces so the fluid can be 
considered axisymmetric). The radial component of angular momentum for the 
axial space between blade rows in radial equilibrium simplifies to: 
  
  
   
  
 
 
 
Allowing for the derivation of the vortex energy equation which takes into 
account the three-dimensional nature affecting the variation of flow angles as 
blade speed   varies with respect to radius: 
   
  
     
    
  
   
   
  
 
  
 
 
 
Assuming total enthalpy and entropy remain the same at all radii, work is 
delivered equally at all radii, and total pressure losses across a row are uniform 
with radius, leads to the conclusion that the product of radius and tangential 
velocity remain constant                and the axial vorticity component is 
zero. This conclusion forms the basis of the Free Vortex design method, and was 
used to design the Baseline 1.5 stage low pressure turbine used in this study. 
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A turbine blade design utilizing the Free Vortex method allows for a relatively 
quick design with significant disadvantages: the resulting blading may have large 
variation in spanwise blade twist and degree of reaction, leading to substantial 
variation in blade loading (rotor tip section may not be significantly contributing 
to performance) and poor off-design performance. Likewise, Free Vortex does not 
take into account the realistic upstream variations in aerodynamic and 
thermodynamic properties, which can impact efficiency through the promotion of 
loss (i.e. HSV) generation. Adequate comparisons of design versus actual exit 
flow field measurements are shown in Figs 3.3 and 3.4.  
 
 
Figure 3.3: Example of the flow complexity in a stator blade row [Howard et al., 1994]. Design flow and loss coefficient varies 
greatly in a realistic flow field due to 3D effects. 
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Figure 3.4: Example of flow complexity in a rotor blade row [Gallimore, 1998]. Design axial velocity and flow angle varies 
greatly in a realistic flow field due to 3D effects. 
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3.1.2  Airfoil Shape Optimization 
The performance metric of importance to this study is the ability of a turbine vane 
to minimize secondary flow. The present work focuses on shape optimization of 
axial turbine rotor hub and shroud airfoil sections in low pressure flow, based on 
the analysis of rotor incoming boundary conditions of   ,   ,    , and   . 
There are two basic approaches to optimizing airfoils. One approach consists of 
making slight modifications to the shape to achieve the required performance. The 
other approach consists of the designer specifying the performance characteristics 
required by the blade and computing the airfoil geometry that produces that 
performance. The advantage of the former approach is its simplicity; it allows a 
designer to take a satisfactory design and incrementally improve its performance, 
yet it can rely on the designer’s distinct experience as well as “trial and error”. 
The latter approach gives the designer much more control over the final 
performance of the airfoil, however not every set of performance characteristics 
can generate a realistic airfoil shape.  An approach driven by geometric 
modification to airfoil shape through velocity triangle optimization has been 
shown by [Attia et al., 2013] to shorten and simplify the iterative design process, 
as well as improve performance output.   
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3.2  Velocity Triangle Optimization-Driven 
Approach 
The velocity triangle optimization-drive approach for horseshoe vortex mitigation 
begins with establishing a baseline design. Preliminary flow predictions 
determined through 1D meanline programs are based on the calculation of 
velocity triangles at the mid-span, and form the basis of geometric parameters (i.e. 
blade angles) and engine design point operating conditions.  
Using the baseline geometric parameters, realistic spanwise variations at the inlet 
and outlet locations are obtained through 2D or 3D methods – the accuracy of 
these improved flow predictions will directly impact the accuracy of the redesign. 
At this point, particular blade rows affected by the HSV phenomenon can be 
identified, and focus is directed towards the conditions upstream of the HSV-
affected blade; flow parameters of particular interest are the spanwise distribution 
of:   ,   ,    , and    exiting the upstream blade row. 
Assessment of the spanwise variations incoming into the HSV-affected blade row 
allows for velocity triangle optimization. Due to HSV formation being initiated in 
the boundary layer region and propagating towards midspan, focus is directed 
towards the spanwise distribution of significant flow parameters at 0-20% span 
(hub region) and 80-100% span (shroud region). Airfoil velocity triangles at the 
leading edge hub and shroud regions are modified to reflect the new values of 
axial and circumferential velocity, defining new flow and blade angles at various 
streamlines; blade geometry at the hub and tip regions changes, while 20-80% 
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span remains baseline for the most part. Stream sections are re-stacked, and the 
new blade shape is interpolated from the restacked sections. 
The optimized blade row design can now be numerically assessed using 3D 
methods. HSV mitigation can be concluded through various observations: 1) hub 
and shroud endwall streamwise contours of total pressure lack low pressure zones 
at the leading edge; 2) areas of high kinetic turbulent energy are relieved; 3)the 
region where existence of a saddle point is expected possesses non-zero velocity; 
and 4) velocity vector plot analysis shows reduction of flow deviation. 
Improvement in overall blade health is also recognized: 1) smoother blade 
loading; and 2) improved spanwise distribution of aerodynamic and 
thermodynamic flow parameters.   
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Chapter 4 
CFD Modeling 
The CFD analysis used in this study consists of three (3) elements: case set up via 
a pre-processor, computation via a solver, and resulting data analysis via a post-
processor. ANSYS simulation software simplifies the numerical simulation of 
turbomachinery blade rows. The aerothermodynamic data of a 1.5-stage low 
pressure axial turbine (baseline) was determined through the use of a simple 1D 
meanline method (efficiency constants were assumed), and the resulting air angles 
at 0%, 50% and 100% spans were integrated into ANSYS BladeGen which 
interpolated the profiles to create the solid blade shapes. The mesh generation was 
done with ANSYS TurboGrid, and then exported to ANSYS CFX for physics 
model definition, solving, and post-processing.   
The focus of Chapter 4 is a description of the study’s pre-processing stage. Pre-
processing consists of: 
 Geometry definition, establishing the solid models and the computational 
domain. 
 Mesh generation, which plays an important role in solution accuracy. 
51                                       CFD Modeling 
 
M.Sc. thesis                                                                                                                     V. Shulman 
 Physics model definition, which establishes fluid parameters. 
 
4.1  Geometry 
The original 1.5-stage (Stator 1 [S1] – Rotor 1 [R1] – Stator 2 [S2]) design was 
developed through the use of a meanline method, determining aerodynamic and 
thermodynamic parameters at the 0% (hub), 50% (middle), and 100% (shroud) 
spans. The blades were assumed to be shrouded, to eliminate the effects of the tip 
gap. Table 4.1 contains the inlet specifications to the low pressure turbine design 
(APPENDIX A details the results of meanline analysis), with Table 4.2 specifying 
geometric parameters of the 1.5-stage used in the numerical investigation.  
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Inlet Specification 
Specific heat ratio, γ 1.300 
Mach number 0.485 
Mass flow, ̇   53.017 
RPM 2200 
Blade velocity, U  321.498 
Inlet flow angle, α -45.089 
Axial velocity Vax  226.978 
Static pressure, P 304069.755 
Total pressure, P0 352837.990 
Static temperature, T 1315.223 
Total temperature, T0 1359.461 
Density, ρ 0.890 
Static enthalpy, h 1536506.653 
Total enthalpy, h0 1523625.601 
Area 0.262 
Radius at the hub, rhub 0.633 
Radius at the mid, rmid 0.665 
Radius at the tip, rtip 0.696 
Table 4.1: Input parameter for low pressure turbine. 
 
  Stator 1 Inlet   
Stator 1 Out /  
Rotor 1 Inlet 
  
Rotor 1 Out /  
Stator 2 Inlet 
  Stator 2 Outlet 
H
U
B
 rhub 0.633 [m]   rhub 0.646 [m]   rhub 0.656 [m]   rhub 0.669 [m] 
α1 -46.476 [°]   α3 52.34 [°]   α2 -35.97 [°]   α3 49.466 [°] 
β1 59.471 [°]   β3 -32.602 [°]   β4 53.666 [°]   β3 -27.61 [°] 
                        
M
ID
 rmid 0.665 [m]   rmid 0.678 [m]   rmid 0.690 [m]   rmid 0.704 [m] 
α1 -45.089 [°]   α3 51.000 [°]   α4 -34.596 [°]   α1 48.000 [°] 
β1 59.204 [°]   β3 -28.654 [°]   β4 53.608 [°]   β1 -23.264 [°] 
                        
TI
P
 rtip 0.696 [m]   rtip 0.710 [m]   rtip 0.724 [m]   rtip 0.740 [m] 
α1 -43.766 [°]   α3 49.709 [°]   α4 -33.311 [°]   α1 46.598 [°] 
β1 59.002 [°]   β3 -24.645 [°]   β4 53.618 [°]   β1 -18.905 [°] 
Table 4.2: Geometric parameters defining baseline 1.5 stage. 
 
Flow angle definition allowed for each blade row to be individually modeled 
through ANSYS BladeGen (APPENDIX B and C show Stator 1 and Stator 2 
blade models). Far-fields were created for the inlet and outlet portions (at the S1 
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and S2 domains, respectively) to ensure sufficient simulation convergence with 
the CFD solver. One blade row passage was modeled for each turbine component, 
to simplify the simulation and reduce computational time. Fig 4.1 shows a 3D 
visualization of the 1.5-stage model. 
  
 
Figure 4.1: 3D visualization of Stator 1 - Rotor 1 - Stator 2 models that were used for numerical simulation. 
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Figure 4.2: BladeGen model for Rotor 1. 
 
The baseline Rotor 1 design 3D model is shown in Fig 4.2; this baseline design 
established the values used for comparison, and was modified through velocity 
triangle optimization. As previously mentioned, this 3D blade model was created 
through interpolation of the 0%, 50%, and 100% span airfoil profiles, and 
assumed uniform incoming flow. 
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4.2  Mesh 
 
Figure 4.3: Rotor 1 topology at middle span. 
 
The blade models were meshed through the use of ANSYS TurboGrid, which has 
the ability to simplify the process through a significant amount of automation.  To 
achieve the most basic mesh: 1) blade geometry from BladeGen is loaded into 
TurboGrid, 2) grid coarseness is chosen, and 3) mesh is generated. TurboGrid has 
the potential for significant adaptation when it comes to mesh generation (i.e. 
smoothing methods to improve determinant, volume, and minimum angle of mesh 
cells). As model accuracy was not the driving factor for this numerical study, the 
basic mesh generation process was utilized. The above Fig 4.3 shows the topology 
for Rotor 1 at the 50% span, and Table 4.3 contains information on the mesh 
specification for the baseline blade rows. 
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Mesh Specification Stator 1 Rotor 1 Stator 2  
Node count 311045 259075 307923  
Element count 288762 241752 288120  
Topology definition ATM optimized ATM optimized ATM optimized  
Boundary layer (cm) 0.00636 0.00910 0.00382  
Table 4.3: Mesh parameters for the baseline turbine blade rows. 
 
4.3  Physics Model 
CFD simulations were performed with uniform inlet and outlet boundary 
conditions, as taken from the meanline analysis. As mentioned previously, the 
turbine model was simplified to consist of one passage, significantly reducing 
computational time. The flow was modeled as compressible flow using “Air Ideal 
Gas” as the working fluid and “Total Energy” as the heat transfer model. All solid 
boundaries were modeled as adiabatic walls with no-slip condition. Table 4.4 
specifies the general settings of the CFX pre-processing setup. 
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Pre-processing Specification  
Analysis type Steady state 
Interference Stage 
Turbulence model SST 
Wall function Automatic 
Reference pressure  0 kPa 
Advection scheme High resolution 
Timescale control Auto timescale 
Convergence criteria: 
Residual type 
Residual target 
  
RMS 
1E-4 
Inlet (S1 in): 
Total pressure 
Total temperature 
Turbulence intensity  
 352.8 kPa 
1359 °K 
Medium (5%) 
Outlet (S2 out): 
Static pressure  
   
259.8 kPa 
Wall boundaries: 
Mass and momentum 
Wall roughness 
Heat transfer  
No slip wall 
Smooth 
Adiabatic 
Table 4.1: Description of pre-processing parameters. 
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Chapter 5 
Aerodynamic Investigation 
Initially, the baseline Rotor 1 design was simulated in the 1.5-stage configuration. 
Three (3) goals were actualized: 
 Establish HSV presence at Rotor 1 leading edge endwall. 
 Identify saddle point where HSV formation begins. 
 Record upstream (S1 outlet) boundary conditions. 
Various performance metrics were observed after baseline solution convergence, 
as are detailed in section 5.1. Due to the rotor component being the focus of this 
study’s attention, these metrics were recorded at rotor inlet and outlet streamwise 
locations. The appropriate station numbers are identified in Fig 5.1.   
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Figure 5.1: Streamwise locations for data analysis. 
 
5.1  Baseline CFD Simulation Results 
5.1.1  Flow Field 
Uniform flow that enters the inlet boundary initially encounters S1 blade row. The 
resulting pressure gradient from the pressure side to the suction side leads to the 
development of secondary flow; Fig 5.2 shows a deviation in the nearly-inviscid 
mid-span streamlines due to secondary flow presence.  
60              Aerodynamic Investigation 
 
M.Sc. thesis                                                                                                                     V. Shulman 
 
Figure 5.2: Streamlines and static pressure distribution in mid-span along blade passage [Acharya, 1]. 
 
The flow along the mid-span turns with the passage, however at the endwall 
region the flow is further complicated due to boundary layer presence. The flow 
field leaving S1 is complex (as can be seen in Figs 5.3 and 5.4), possessing non-
uniformity and at the endwalls containing strong secondary flows that encourage 
HSV formation upon approaching the leading edge of R1 blade row.  
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Figure 5.3: Circumferentially-averaged spanwise velocity and flow angle distributions in absolute frame of reference at S1 
exit. 
 
 
    
Figure 5.4: Circumferentially-averaged spanwise total pressure (left) and total temperature (right) distribution at S1 exit. 
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Vortices develop at the R1 leading edge; Fig 5.5 displays 3D streamlines 
validating the HSV existence and Fig  5.6 displays the 2D flow field indicating 
the inception point. Some distinct features can be identified at the endwall 
boundary layer flow – primarily, flow turning (vortex roll-up) and saddle point 
location.  
 
    
Figure 5.5: Flow visualization of vortices at R1 hub (left) and shroud (right) sections. 
 
    
Figure 5.6: 2D velocity vector plot (left) and velocity streamlines (right) at R1 leading edge hub section. 
 
5.1.2  Airfoil Loading 
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The velocity along the suction surface initially increases, until it encounters the 
adverse pressure gradients downstream of the throat. Concurrently, the pressure 
side velocity increases steadily from leading to trailing edges. The corresponding 
inlet–to–outlet Mach number and Pressure distributions near the endwall hub and 
shroud spans are shown in Fig 5.7 and 5.8, respectively, for the baseline R1 blade 
row. In the gap approaching the hub region leading edge, there is evidence of 
rapid changes in Mach number induced by the presence of the HSV – its location 
coincides with that of the saddle point. Likewise, the tip region experiences rapid 
changes just downstream of the leading edge, representative of passage vortex 
existence. For both cases, there is unusual indication of divergence approaching 
the TE. As a possible explanation, the simplified meanline method utilized in 
baseline R1 design resulted in poor definition of the blade row passage which led 
to flow separation approaching the leading edge. Studying the blade loading area 
in conjunction with the spanwise total temperature profile reveals that the hub and 
shroud regions are excessively loaded in the baseline design.    
 
      
Figure 5.7: Mach number (left) and Pressure (right) distribution along the baseline R1 blade surface at 0.5% span. 
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Figure 5.8: Mach number (left) and Pressure (right) distribution along the baseline R1 blade surface at 99.5% span. 
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5.1.3  Contour Plots 
    
     
Figure 5.9: Flow contours at baseline R1 0.5% span, showing Mach number (top left), velocity swirling strength (top right), 
turbulence kinetic energy (bottom left) and eddy viscosity (bottom right). 
 
Contour analysis of the 0.5% (Fig 5.9) and 99.5% (Fig 5.10) spans establishes 
concrete evidence of aerodynamic losses due to vortical flow presence. Mach 
number contour at the hub span shows a region slightly upstream of the leading 
edge where average flow velocity is zero, indicating saddle point location; 
secondary vortical flows are formed in the region directly downstream, as evident 
by the strong concentration of turbulent kinetic energy and eddy viscosity. At the 
shroud region, the passage vortex at the pressure side sticks along the blade wall, 
and is then driven towards the suction side of the neighboring blade. 
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Figure 5.10: Flow contours at baseline R1 99.5% span, showing Mach number (top left), velocity swirling strength (top right), 
turbulence kinetic energy (bottom left) and eddy viscosity (bottom right). 
  
 
5.2  Velocity Triangle Analysis  
5.2.1  Investigation of Rotor 1 upstream boundary conditions 
Through analysis of the S1 outlet flow field, it was possible to optimize the R1 
leading edge velocity triangles – resulting in optimized airfoil profiles. Figs 5.11 
and 5.12 show the spanwise regions that were the focus of the redesign effort.  
    
Figure 5.11: S1 outlet axial velocities for hub (left) and shroud (right) that were analyzed for velocity triangle optimization. 
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Upon investigating the hub region, it was decided that the circumferential and 
axial velocities at the 1% and 10% spans would be used; these spans concluded 
average flow field values (and were outside the boundary layer), which lead to 
their selection. Likewise, the 99% and 90% spans were selected for the shroud 
region. 
      
Figure 5.12: S1 outlet circumferential velocities, in absolute frame, for hub (left) and shroud (right) that were analyzed for 
velocity triangle optimization. 
 
5.2.2  Optimization  
The baseline R1 was re-loaded into ANSYS BladeGen and new layers (stream 
sections) were created at the 20% and 80% spans – to ensure that the airfoil 
profiles between 20% to 80% span would remain baseline, while geometrical 
changes could occur at only the region below and above the 20% and 80% spans, 
respectively.   
Using Equations [3.1 – 3.6] in collaboration with the S1 outlet circumferential and 
axial velocity flow parameters at the 1%, 10%, 90% and 99% spans, it was 
possible to produce new leading edge velocity triangles. The improved R1 inlet 
flow angles were used in BladeGen to redesign the airfoil profiles at the hub 
endwall (using the 1% span parameters), 10%, 90%, and shroud endwall (using 
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the 99% span parameters) spans through modification of the leading edge 
triangles.  
To improve flow distribution along the hub region pressure side, the PS section 
near the hub LE was thickened. To discourage flow separation towards the 
trailing edge region near the endwalls, sweep was employed as a three-
dimensional stacking method - the TE portion of the 0% and 100% span airfoil 
profiles was displaced downstream, parallel to the airfoil section chord line.  
The airfoil profiles were re-stacked along the centroid and BladeGen 
automatically interpolated the airfoil profiles for the regions between 0% - 10%, 
10% - 20%, 80% - 90%, and 90% - 100% spans. The resulting optimized Rotor 1 
blade geometry can be seen in Fig 5.13 and 5.14; Table 5.1 compares the 
optimized and baseline design parameters. 
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Figure 5.13: BladeGen model for Optimized Rotor 1. Showing geometry tailored to incoming flow field, with sweep 3D feature 
at trailing edge regions near the endwalls. 
  
 
    
Figure 5.14: Airfoil profile comparison for the hub (left) and shroud (right) spans. 
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Rotor 1 Inlet 
BASELINE 
  
Rotor 1 Inlet 
OPTIMIZED 
H
U
B
 
rhub 2.5  0.646 [m]   rhub 2.5 0.646 [m] 
ω 230.383 [rad/s]   ω 230.383 [rad/s] 
Vax 2.5 226.978 [m/s]   Vax’2.5 54.946 [m/s] 
α2.5 52.340 [°]   α’2.5 77.242 [°] 
V2.5 371.500 [m/s]   V’2.5 248.816 [m/s] 
Vu 2.5 294.097 [m/s]   Vu’2.5 242.673 [m/s] 
U2.5 148.928 [m/s]   U’2.5 148.928 [m/s] 
Wu 2.5 -145.169 [m/s]   Wu’2.5 -93.745 [m/s] 
β2.5 -32.602 [°]   β’2.5 -59.624 [°] 
W2.5 269.431 [m/s]   W’2.5 108.661 [m/s] 
 
          
           
SH
R
O
U
D
 
rtip 2.5  0.710 [m]   rtip 2.5 0.710 [m] 
ω 230.383 [rad/s]   ω 230.383 [rad/s] 
Vax 2.5 226.978 [m/s]   Vax’2.5 120.326 [m/s] 
α2.5 49.709 [°]   α’2.5 57.328 [°] 
V2.5 350.995 [m/s]   V’2.5 222.894 [m/s] 
Vu 2.5 267.729 [m/s]   Vu’2.5 187.626 [m/s] 
U2.5 163.596 [m/s]   U’2.5 163.596 [m/s] 
Wu 2.5 -104.133 [m/s]   Wu’2.5 -24.030 [m/s] 
β2.5 -24.645 [°]   β’2.5 -11.294 [°] 
W2.5 249.725 [m/s]   W’2.5 122.702 [m/s] 
Table 5.1: Comparison of design parameters for the Baseline and Optimized Rotor 1 designs. 
 
At the hub region, velocity triangle optimization produced an increase in camber 
(blade angle magnitude increased by 62.9%); a contrasting result was observed at 
the shroud region (blade angle magnitude decreased by 54.17%). Both regions 
properly reflect the significantly smaller axial velocity component found near the 
viscous endwalls; likewise for the component of circumferential velocity, 
however, the meanline design grossly overestimated    for the shroud region 
(which overestimated the baseline R1 shroud region       ). For the hub region,     
was overestimated by a lesser degree, resulting in the baseline R1 shroud region 
       being understimated. The optimized velocity triangles (denoted by [ ’ ]) in 
Fig 5.15 and 5.16 reflect proper flow parameters.  
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Figure 5.15: R1 inlet velocity triangle comparison between Baseline and Optimized, at 0% span. 
 
 
Figure 5.16: R1 inlet velocity triangle comparison between Baseline and Optimized, at 100% span. 
 
5.3 Optimized Airfoil CFD Simulation Results 
Comparison against Baseline  
 
The optimized Rotor 1 design was numerically simulated in the same 1.5-stage 
configuration as the baseline, using the same inlet and outlet boundary conditions; 
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the conditions exiting Stator 1 were confirmed to be similar to the baseline case. 
Two (2) goals were actualized: 
 Prove mitigation of HSV at Rotor 1 leading edge endwall. 
 Establish improvement in flow parameters.  
Focus was primarily directed at the 0.5% and 99.5% spans, which from the 
baseline analysis concluded presence of vortical flows. Likewise, flow parameters 
at the optimized R1 outlet were circumferentially averaged and compared against 
the baseline.  
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5.3.1  Vorticity 
 
Figure 5.17: Flow visualization for baseline R1 (left) and optimized R1 (right) designs. HSV and passage vortex mitigation is 
observed at the Hub and Tip sections, respectively. 
 
Numerical simulation of the improved rotor blade concluded a diminishment in 
vortical structure presence. Figs 5.17 and 5.18 showcase 3D and 2D streamlines, 
respectively, for the flow field incoming into the baseline and optimized R1 blade 
rows. Upon inspection of the hub LE, it’s possible to deduce the presence of a 
HSV in both cases, however the velocity vectors just upstream of the optimized 
design are significantly smaller in magnitude compared to baseline. At the shroud 
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region, the pressure side separation region is eliminated, indicating significant 
diminishment of the pressure side-leg vortex.   
 
Figure 5.18: Comparison of 2D velocity vector plots and velocity streamlines at leading edge hub section for Baseline vs 
Optimized R1 designs. The optimized design is observed to possess significantly less flow rollup close to the LE. 
  
5.3.2  Airfoil Loading 
Rapid variations in Mach number along the hub suction side LE (indicative of 
HSV presence), as seen in Fig 5.19, are eliminated in the optimized R1 design. 
The pressure side leading edge, however, continues to exhibit some variation, 
indicating a significant diminishment of the suction side-leg vortex, but not-as-
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significant as the pressure side-leg vortex. Analysis of the pressure distribution on 
the blade surface indicates a decrease in overall work output, concluding that the 
baseline hub section was loaded too highly; this indication is in agreement with 
the improvement of spanwise total temperature distribution discussed in section 
5.3.4. The stagnation region where streamlines sharply turn around the leading 
edge accounts for the initial sudden increase in Mach number.  
     
Figure 5.19: Comparison of Mach number (left) and Pressure (right) distribution along the Baseline vs Optimized R1 blade 
surfaces at 0.5% span. 
 
Analysis of the blade loading for the shroud region, as shown in Fig 5.20, 
indicates significant improvement along the pressure side; the Mach number 
variations are eliminated just downstream of the LE. The decrease in blade 
loading area also indicates a decrease in work output for the shroud region 
(confirmed by outlet spanwise total temperature profile). At the leading edge both 
cases exhibit rapid initial increase in Mach number, possibly indicating an 
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incoming high-turbulence intensity region generated by the stator nozzle wake, or 
could likewise be a resultant of low mesh quality. 
 
    
Figure 5.20: Comparison of Mach number (left) and Pressure (right) distribution along the Baseline vs Optimized R1 blade 
surfaces at 99.5% span. 
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5.3.3  Contours Plots 
HUB 
   
   
Figure 5.21: Comparison of flow contours at Baseline vs Optimized R1 0.5% span, showing Mach number (top left), velocity 
swirling strength (top right), turbulence kinetic energy (bottom left) and eddy viscosity (bottom right). 
    
Analysis of contour plots at the hub span (Fig 5.21) reassured diminishment of 
vorticity at the leading edge. The region where the average Mach number 
approaches zero shifted closer to the leading edge, indicating that the saddle point 
shifted downstream as well. Turbulent kinetic energy and eddy viscosity 
decreased, and velocity swirling strength revealed weaker vorticity downstream. 
Similar conclusions were drawn for the shroud region; pressure side-leg vortex 
significantly diminished due to weaker HSV formation. Although the shroud 
region (Fig 5.22) was optimized for the incoming flow field, the high-turbulence 
intensity wake from the upstream stator nozzle significantly contributed towards 
vorticity regardless of rotor inlet blade angle.   
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SHROUD 
    
    
Figure 5.22: Comparison of flow contours at Baseline vs Optimized R1 99.5% span, showing Mach number (top left), velocity 
swirling strength (top right), turbulence kinetic energy (bottom left) and eddy viscosity (bottom right). 
 
5.3.4  Outlet Flow Distribution 
Upon analyzing the circumferentially-averaged flow parameters at the outlet of 
the optimized R1 blade row, an increase in spanwise profile uniformity was 
confirmed; Fig. 5.23 details these velocity and flow angle distributions in the 
relative frame of reference. Along the hub endwall, the magnitude of relative 
circumferential velocity significantly decreased, having a large impact on the 
overall uniformity of the relative velocity and flow angle profiles. At the 20% 
span, differences in axial velocity diminished, indicating that the new geometry 
interpolated from the optimized 1% and 4% airfoils better represented the flow 
field below 20% span. Minor changes were observed for the shroud region; 
relative circumferential velocity data shows little difference, and the magnitude of 
relative velocity slightly decreased at the shroud endwall. This observation could 
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indicate that the vortical structures formed in the shroud region were relatively 
weak, decaying prior to affecting the outlet conditions. 
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Figure 5.23: Comparison of circumferentially-averaged spanwise velocity and flow angle distributions in relative frame of 
reference at Rotor outlet for Baseline vs Optimized R1 designs. 
 
The improvements in the spanwise velocity profiles are in agreement with those 
observed through analysis of the circumferentially-averaged total pressure and 
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total temperature profiles at R1 outlet, as can be seen in Fig 5.24. The total 
pressure profile experiences an increase in uniformity, and likewise total 
temperature profile exhibits a decrease in variability along the outlet span 
indicating an improvement in work uniformity along the passage span. 
 
     
Figure 5.24: Comparison of circumferentially-averaged spanwise Total Pressure (left) and Total Temperature (right) at Rotor 
outlet for Baseline vs Optimized R1 designs. 
 
Overall, the optimized R1 design gained an improvement in efficiency. Total-to-
total polytropic efficiency was calculated by CFX, and the optimized design 
achieved an improvement of 1.37* points.  
*Note: this efficiency is based on a course mesh for a RANS simulation; it’s 
possible that the efficiency value could change due to viscous-wake effects as a 
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source of two-dimensional flow unsteadiness between rotor and stator interaction. 
As wakes possess a tendency to diffuse and spread downstream, it’s noted that 
their effects can influence HSV formation and, likewise, the effectiveness of the 
velocity triangle optimization approach.   
Appendix D has a detailed comparison of turbine performance for the baseline 
and optimized rotors.  
To determine localized improvement, average values were computed for Total 
Pressure and Total Temperature at the 0% - 20% span, as shown in Fig. 5.25. The 
optimized rotor blade displays lower values of average T0 and P0 than the baseline 
design; this conclusion is in agreement with the increase in polytropic efficiency 
(optimized rotor design extracted more work from flow). This relationship is 
better illustrated in the enthalpy-entropy diagram in Fig. 5.26. 
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Figure 5.25: Comparison of circumferentially-averaged spanwise Total Pressure (left) and Total Temperature (right) average 
values at Rotor outlet 0-20% span for Baseline vs Optimized R1 designs. 
 
 
Figure 5.26: h-s diagram for rotor inlet (station 2) and outlet (station 2.5), comparing performance for baseline (BAS) to 
optimized (OPT) designs, using 0-20% span averaged values. 
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To determine globalized improvement, circumferentially-averaged spanwise 
distribution of velocity and flow angle, in the absolute frame of reference, at rotor 
outlet (station 3) were analyzed – the corresponding values are shown in Fig. 
5.27. It may be observed that both spanwise distributions for the optimized design 
dictate smoother flow into the immediately downstream stator vane. The 
optimized spanwise absolute velocity averaged to 198.874 m/s, a 0.93% decrease 
from the baseline average of 200.736 m/s. Correspondingly, the optimized 
spanwise absolute flow angle averaged to 109.368°, a 1.06% decrease from the 
baseline average of 110.642°. 
 
 
Figure 5.27: Comparison of circumferentially-averaged spanwise velocity and flow angle distributions in absolute frame of 
reference at Rotor outlet for Baseline vs Optimized R1 designs. 
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5.4 Sensitivity Study: Effect of Sweep on Leading 
Edge  
 
Using velocity triangle optimization on the leading edge of a HSV-affected rotor 
diminishes vortex formation. To further mitigate the effects of secondary flows, 
sweep was employed on the leading edge in conjunction with the velocity 
triangle-optimized R1 blade; this sensitivity study was conducted to specifically 
observe the streamwise Mach number distribution near the LE, at the close-to-
endwall region affected by sweeping the leading edge upstream.  
All geometric parameters, with the exception of the hub leading edge location, 
where kept constant. The LE-swept design was simulated in the same 1.5 stage 
formation, and its resultant Mach profile was plotted against the baseline and 
original optimized R1 designs. This comparison can be seen in Fig. 5.28.  The 
sweep technique reduced the leading edge adverse pressure gradient region, 
accelerating the boundary layer. It was concluded that employing sweep on the 
leading edge had a positive effect on performance, further mitigating Mach spikes 
at the leading edge. 
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Figure 5.28: Comparison of Mach number distribution along the Baseline (top left) vs Optimized (top right)  vs Optimized 
with LE sweep (bottom) R1 blade surfaces at 0.5% span.
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Chapter 6 
Conclusions and 
Recommendations 
A numerical study involving the aerodynamic investigation of a baseline generic 
turbine rotor vane and a redesigned vane has been performed. Results have been 
presented on a number of flow parameters depicting the overall structure of the 
flow with emphasis on endwall regions and horseshoe vortex formation. This 
study aimed at evaluating a blade redesign methodology utilizing velocity triangle 
optimization to affect secondary flow development. 
6.1  Conclusions 
 Results were consistent in concluding that redesigning the endwall airfoil 
profile leading edge blade angles affected upstream secondary flow 
development. The utilization of the presented velocity triangle 
optimization methodology designed the endwall regions to the actual 
incoming boundary conditions, reducing the adverse pressure gradient 
along the leading edge plane and mitigating HSV both in size and 
strength. The optimized design achieved an efficiency improvement of 
1.37 points.  
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 The important differentiator in this investigation was the utilization of 
realistic non-uniform boundary conditions exiting the upstream stator vane 
to guide the redesign effort; previous studies were performed in linear 
cascades, assuming non-realistic two-dimensional incoming flow 
parameters. Likewise, this investigation employed a redesign methodology 
to dictate the new shape of the endwall airfoil profile, in contrast to other 
studies testing various fillet designs to derive a relationship between fillet 
geometry and resulting secondary flow development.  
 The velocity triangle optimization methodology concluded that the 
baseline leading edge blade angle for the hub endwall was underestimated 
by 62.9%, whereas the shroud endwall blade angle was overestimated by 
54.17%. 
 Analysis of the load distribution indicated that the optimized design 
reduced the spikes in Mach number at the leading edge, and improved the 
uniformity of work output along the blade span. 
 The optimized vane concluded an improvement in uniformity of 
circumferentially-averaged flow parameters at the outlet of the rotor 
passage. This result is influenced by the decrease in vortical structure 
formation at the leading edge and inside the rotor passage. 
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6.2  Recommendations for Future Work 
 The present investigation indicated that adapting the leading edge profile 
to the incoming flow had a strong impact on reducing secondary flow. 
This motivates testing the velocity triangle optimization approach in 
conjunction with other three dimensional geometrical modifications that 
alter secondary flow behavior, such as endwall profiling and chord 
variability, to see how much further efficiency can be increased and HSV 
diminished (if not eliminated). 
 The numerical study simplified the model physics by assuming a single 
passage, and a motivating continuation to the present work would be to 
incorporate multiple passages which would also complicate the rotor – 
stator interaction region (such as clocking effects), and are hypothesized to 
encourage further secondary flow development.  
 It would be beneficial to investigate the application of the velocity triangle 
optimization methodology to the redesign of an annular cascade which can 
be tested. This testing would provide more realistic insight into secondary 
flow behavior with velocity triangle optimized blade rows, as CFD 
simulations face difficulty in accurately predicting endwall flow behavior.  
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Appendix A 
Meanline Analysis for LPT 
 
Appendix A.1: Low Pressure Turbine Design 
         
Station 11 - LPT Inlet 
  
Station 12 - LPT Exit 
   γ 1.300 γ avg 1.313 γ 1.326 
   M bar 32.000 
  
M bar 32.000 
   R  
(J/kg*K) 259.813 R avg 259.813 
R  
(J/kg*K) 259.813 
   Cp 
(J/kg*K) 1168.248 Cp avg 1089.770 
Cp 
(J/kg*K) 1055.873 
 
86.003 
 M 0.485 
  
M 0.648 
   η ss 0.890 
  
η tt 0.880 
       
  
Πo 0.141 Density 
     
  
Πo^-1 7.076 1 0.890 
 m dot 
(kg/s) 53.017 
 
51.246 
m dot 
(kg/s) 53.017 2 0.861 
 
U5 (m/s) 321.498 
Del S 
(J/kg*K) 
Del S 
(J/kg*K) V12(m/s) 347.855 3 0.750 
 α (deg) -45.089 53.667 48.825 α 12(deg) 0.000 4 0.710 
 
Vax (m/s) 226.978 
Power 
(MW) 
Power 
(HP) 
Vax12 
(m/s) 347.855 5 0.591 
   0.810 28.520 38229.984 Max(m/s) 0.648 6 0.535 
 
P10 (Pa) 
304069.75
5 27.379 
 
P11 (Pa) 
37727.66
8 7 0.477 
 P 010 
(Pa) 
352837.99
0 
  
P 011 
(Pa) 
49387.84
8 8 0.396 
 T10 (K) 1315.223 η m 0.960 T11 (K) 836.340 9 0.356 
 T 010 (K) 1359.461 
  
T 011 (K) 893.640 10 0.314 
 p10 
(kg/m3) 0.890 
  
p11 
(kg/m3) 0.174 11 0.232 
 
h10 (J/kg) 
1536506.6
53 
 
-
580056.05
2 h11 (J/kg) 
883068.1
23 12 0.212 
 h 010 
(J/kg) 
1523625.6
01 
  
h 011 
(J/kg) 
943569.5
50 13 0.169 
 A10 (m2) 0.262 Δho HPT 537930.43 A11 (m2) 0.878 1360.61
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2 2 
rh (m) 0.633 406.867 
537930.43
2 rh (m) 0.725 
   
rm (m) 0.665 
 
537930.43
2 rm (m) 0.811 
   rt (m) 0.696 
  
rt (m) 0.898 0.812 
      
  
    
 
start 1.300 
     
AREA end 1.326 
x y Hub y Mid y tip   x A 
Number of 
stages 6.000 
2.200 0.633 0.665 0.696 
Stage 1 
2.200 0.262 current stage 6.000 
2.276 0.646 0.678 0.710 2.276 0.271 
 
1.326 
2.327 0.656 0.690 0.724 2.327 0.297 
  2.383 0.669 0.704 0.740 
Stage 2 
2.383 0.313 
  2.434 0.682 0.720 0.758 2.434 0.342 
  2.491 0.694 0.735 0.776 
Stage 3 
2.491 0.379 
  2.540 0.703 0.750 0.797 2.540 0.447 
  2.598 0.710 0.763 0.816 
Stage 4 
2.598 0.512 
  2.649 0.717 0.777 0.837 2.649 0.582 
  2.707 0.721 0.788 0.855 
Stage 5 
2.707 0.666 
  2.761 0.719 0.797 0.875 2.761 0.784 
  2.811 0.726 0.806 0.886 
Stage 6 
2.811 0.810 
  2.877 0.722 0.809 0.896 2.877 0.882 
  2.944 0.725 0.811 0.898 OGV 2.944 0.878 
  
  
 
      
Solidity 
 
η tt Stage Pi   
 Stage Rotor Stator 
 
0.880 1 1.270   
 1 1.000 1.000 
 
0.900 2 1.296   
 2 1.000 1.000 
 
0.910 3 1.347   
 3 1.000 1.000 
 
0.910 4 1.431   
 4 1.000 1.000 
 
0.900 5 1.527   
 5 1.000 1.000 
 
0.880 6 1.461   
 6 1.000 1.000 
          1.000 
      
         Camber 
      Stage Rotor Stator 
      1 82.262 96.089 
      2 77.279 82.596 
      3 85.098 88.664 
      4 90.766 87.844 
      5 84.618 81.708 
      6 62.747 84.038 
 
stage G/s   
  
    
1 0.207047 0.06700 
  Stagger 
 
2 0.274046 0.04036 
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Stage Rotor Stator 
 
3 0.314407 0.02431 
  1 12.477 2.955 
 
4 0.338721 0.01465 
  2 15.375 6.702 
 
5 0.353368 0.00882 
  3 10.226 7.668 
 
6 0.362192 0.00532 
  4 6.410 12.078 
 
7 0.367507 0.00320 
  5 12.940 11.146 
 
8 0.370709 0.00193 
  6 9.643 11.146 
 
9 0.372638 0.00116 
  
    
10 0.373800 0.00070 
  % of LPT Work 
  
11 0.374500 0.00050 
  Stage % 
  
12 0.375   
  1 0.130 
       
2 0.140 
  
Stage 
Nob 
Stator 
NoB 
Rotor Nob Stator 
NoB 
Rotor 
3 0.155 
  
1 147.000 161.000 148.000 162.000 
4 0.175 
  
2 177.000 167.000 178.000 168.000 
5 0.190 
  
3 178.000 171.000 178.000 172.000 
6 0.210 
  
4 185.000 196.000 186.000 196.000 
    
  
5 193.000 199.000 194.000 200.000 
 
1.000 
  
6 198.000 228.000 198.000 228.000 
    
OGV 78.000   77.077 0.000 
 
 
  
97               Meanline Analysis for LPT 
 
M.Sc. thesis                                                                                                                     V. Shulman 
Appendix A.2: Stage 1 Spanwise Design 
Stage 1 (HUB) 
Stage 1.1 - Stator Inlet   Stage 1.3 - Rotor Inlet   Stage 1.4 - Rotor Exit 
rh1 (m) 0.633 
 
rh3 (m) 0.646 
 
rh4 (m) 0.656 
Omega 230.383 
 
Omega 230.383 
 
Omega 230.383 
Vax1 226.978 ΔAlpha Vax3 226.978 ΔAlpha Vax4 238.327 
Alpha1 -46.476 98.816 Alpha3 52.340 -88.310 Alpha2 -35.970 
V1 329.596 
 
V3 371.500 
 
V4 294.476 
Vu1 -238.986 
 
Vu3 294.097 
 
Vu4 -172.963 
U1 145.897 
 
U3 148.928 
 
U4 151.082 
Wu1 384.883 ΔBeta Wu3 -145.169 ΔBeta Wu4 324.045 
Beta1 59.471 -92.073 Beta3 -32.602 86.268 Beta4 53.666 
W1 446.827 
 
W3 269.431 
 
W4 402.249 
M abs 0.495 
 
M abs 0.561 
 
M abs 0.452 
M rel 0.670   M rel 0.407   M rel 0.617 
  DH 1.127 DH 0.793   
  DF -0.936 DF -1.364   
  λ 0.000 λ 3.064   
  
   
R 0.635 
 
  
Stage 1 (MID) 
Stage 1.1 - Stator Inlet   
Stage 1.3 - Stator Exit/Rotor 
Inlet   Stage 1.4 - Rotor Exit 
γ 1.3000 
 
γ 1.3000 
 
γ 1.3000 
M bar 32.000 
 
M bar 32.000 
 
M bar 32.000 
R  (J/kg*K) 259.813 
 
R  (J/kg*K) 259.813 
 
R  (J/kg*K) 259.813 
Cp (J/kg*K) 1168.248 
 
Cp (J/kg*K) 1089.770 
 
Cp (J/kg*K) 1089.770 
m dot 
(kg/s) 53.017 
 
m dot (kg/s) 53.017 
 
m dot 
(kg/s) 53.017 
ξs 0.040 
 
η tt 0.880 
 
η tt 0.880 
    
*PI KNOT 
* Πo 0.787 
*PI KNOT 
* Πo 0.787 
    
 
Τau 0.953 
 
Τau 0.953 
Δho (J/kg) 0.000 
 
Δhostage (J/kg) 69930.956 
 
Δhorotor 
(J/kg) -69930.956 
P (Pa) 304069.755 Del S P (Pa) 290712.796 Del S P (Pa) 244843.601 
Po (Pa) 352837.990 1.667 Po (Pa) 350998.493 7.999 Po (Pa) 277856.477 
T (K) 1315.223 ΔT T (K) 1299.777 ΔT T (K) 1256.832 
To (K) 1359.461 0.000 To (K) 1359.461 -64.170 To (K) 1295.290 
p (kg/m3) 0.890 
 
p (kg/m3) 0.861 
 
p (kg/m3) 0.750 
h (J/kg) 
1536506.65
3 
 
h (J/kg) 1416458.060 
46800.23
3 h (J/kg) 
1369657.82
7 
ho (J/kg) 
1523625.60
1 
 
ho (J/kg) 1481499.982 
 
ho (J/kg) 
1411569.02
6 
A (m2) 0.2624941 
 
A (m2) 0.27133 
 
A (m2) 0.29668 
rm1 (m) 0.665 
 
rm3 (m) 0.678 
 
rm4 (m) 0.6900000 
rm multiple 0.980 
 
rm multiple 0.983 
 
rm multiple   
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RPM 2200.000 
 
RPM 2200.000 
 
RPM 2200.000 
Omega 230.383 56.000 Omega 230.383 91.000 Omega 230.383 
Vax1 226.978 0.560 Vax3 226.978 0.910 Vax4 238.327 
V ax 
multiple 1.000 ΔAlpha V ax multiple 1.000 ΔAlpha 
V ax 
multiple 1.050 
Alpha1 -45.089 96.089 Alpha3 51.000 -85.596 Alpha4 -34.596 
V1 321.498 
 
V3 360.671 
 
V4 289.521 
Vu1 -227.688 
 
Vu3 280.294 0.780 Vu4 -164.386 
U1 153.137 
 
U3 156.262 78.000 U4 158.965 
Wu1 380.825 ΔBeta Wu3 -124.032 ΔBeta Wu4 323.351 
Beta1 59.204 -87.859 Beta3 -28.654 82.262 Beta4 53.608 
W1 443.336 
 
W3 258.656 
 
W4 401.690 
M abs 0.482 
 
M abs 0.544 
 
M abs 0.444 
M axial 0.341 
 
M axial 0.343 
 
M axial 0.366 
M rel 0.665   M rel 0.390   M rel 0.617 
  DH 1.122 DH 0.803   
  DF -0.912 DF -1.418   
  λ 0.000 λ 2.767 2.500 
  
      
  
  Φ 1.499 
 
R 0.669 
 
  
  
      
  
  
      
  
Stage 1 (TIP) 
Stage 1.1 - Stator Inlet   Stage 1.3 - Rotor Inlet   Stage 1.4 - Rotor Exit 
rt1 (m) 0.696 -0.633 rt3 (m) 0.710 0.710 rt4 (m) 0.724 
Omega 230.383 
 
Omega 230.383 
 
Omega 230.383 
Vax1 226.978 ΔAlpha Vax3 226.978 ΔAlpha Vax2 238.327 
Alpha1 -43.766 93.476 Alpha1 49.709 -83.020 Alpha2 -33.311 
V1 314.302 
 
V3 350.995 
 
V4 285.183 
Vu1 -217.409 
 
Vu3 267.729 
 
Vu4 -156.619 
U1 160.377 
 
U3 163.596 
 
U4 166.847 
Wu1 377.786 ΔBeta Wu3 -104.133 ΔBeta Wu4 323.467 
Beta1 59.002 -83.647 Beta3 -24.645 78.262 Beta4 53.618 
W3 440.728 
 
W3 249.725 
 
W4 401.784 
M abs 0.472 
 
M abs 0.530 
 
M abs 0.438 
M rel 0.661   M rel 0.377   M rel 0.617 
  DH 1.117 DH 0.812   
  DF -0.889 DF -1.465   
  λ 0.000 λ 2.512   
    
R 0.703 
  
 
STAGE 1 BLADE 
  
 
AR 1.000   AR 1.450 
  
 
Avg Span 0.063   Avg Span 0.066 
  
 
Avg Chord 0.063   Avg Chord 0.046 
  
 
Caxmid 0.063   Caxmid 0.044 
  
 
TR 0.950   TR 0.950 
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Caxt 0.062 115.000 Caxt 0.043 
  
 
Caxh 0.065   Caxh 0.046 
  
 
σs hub 2.932   σs hub 10.532 
  
 
σs mid 2.955   σs mid 12.477 
  
 
σs tip 2.971   σs tip 14.486 
  
 
Solidity 1.000   Solidity 1.000 
  
 
g(m) 0.01000 163.000 g(m) 0.00550 
  
 
rmLE 0.665   rmLE 0.678 
  
 
g/s     g/s 0.207 
  
 
S 0.029   S 0.027 
  
 
N.O.B 146.492   N.O.B 160.489 
  
 
zweifel 0.800 
 
zweifel 0.800 
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Appendix A.3: Stage 2 Spanwise Design 
Stage 2(HUB) 
Stage 2.1 - Stator Inlet   Stage 2.3 - Rotor Inlet   Stage 2.4 - Rotor Exit 
rh1 (m) 0.656 
 
rh3 (m) 0.669 
 
rh4 (m) 0.682 
Omega 230.383 
 
Omega 230.383 
 
Omega 230.383 
Vax1 238.327 ΔAlpha Vax3 238.327 ΔAlpha Vax4 262.159 
Alpha1 -35.970 85.436 Alpha3 49.466 -87.623 Alpha2 -38.156 
V1 294.475 
 
V3 366.715 
 
V4 333.397 
Vu1 -172.963 
 
Vu3 278.711 
 
Vu4 -205.976 
U1 151.082 
 
U3 154.065 
 
U4 157.157 
Wu1 324.045 ΔBeta Wu3 -124.647 ΔBeta Wu4 363.134 
Beta1 53.666 -81.276 Beta3 -27.610 81.783 Beta4 54.173 
W1 402.249 
 
W3 268.954 
 
W4 447.877 
M abs 0.451 
 
M abs 0.566 
 
M abs 0.527 
M rel 0.615   M rel 0.415   M rel 0.708 
  DH 1.245 DH 0.909   
  DF -1.012 DF -1.572   
  λ 0.000 λ 3.049   
  
   
R 0.846 
 
  
Stage 2 (MID) 
Stage 2.1 - Stator Inlet   Stage 2.3 - Rotor Inlet   Stage 2.4 - Rotor Exit 
γ 1.3080 
 
γ 1.3080 
 
γ 1.3080 
M bar 32.000 
 
M bar 32.000 
 
M bar 32.000 
R  (J/kg*K) 259.813 
 
R  (J/kg*K) 259.813 
 
R  (J/kg*K) 259.813 
Cp (J/kg*K) 1089.770 
 
Cp (J/kg*K) 1089.770 
 
Cp (J/kg*K) 1089.770 
m dot (kg/s) 53.017 
 
m dot (kg/s) 53.017 
 
m dot (kg/s) 53.017 
ξs 0.040 
 
η tt 0.900 
 
η tt 0.900 
    
 
Πo 0.771 
*PI KNOT 
* Πo 0.771 
    
 
Τau 0.947 
 
Τau 0.947 
Δho (J/kg) 0.000 
 
Δhostage 
(J/kg) 75310.261 
 
Δhorotor 
(J/kg) -75310.261 
P (Pa) 244852.723 Del S P (Pa) 228073.938 Del S P (Pa) 180632.477 
Po (Pa) 277856.477 1.186 Po (Pa) 276599.411 6.495 Po (Pa) 214344.795 
T (K) 1256.832 ΔT T (K) 1237.086 ΔT T (K) 1177.178 
To (K) 1295.290 0.000 To (K) 1295.290 69.107 To (K) 1226.184 
p (kg/m3) 0.750 
 
p (kg/m3) 0.710 
 
p (kg/m3) 0.591 
h (J/kg) 
1369657.82
7 
 
h (J/kg) 
1348139.16
2 65285.869 h (J/kg) 
1282853.29
3 
ho (J/kg) 
1411569.02
6 
 
ho (J/kg) 
1411569.02
6 
 
ho (J/kg) 
1336258.76
5 
A (m2) 0.2966718 
 
A (m2) 0.31349 
 
A (m2) 0.34242 
rm1 (m) 0.690 
 
rm3 (m) 0.704 
 
rm4 (m) 0.720 
    
 
rm multiple 0.978 
 
4456.000   
RPM 2200.000 
 
RPM 2200.000 
 
RPM 2200.000 
Omega 230.383 
 
Omega 230.383 108.000 Omega 230.383 
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Vax1 238.327 
 
Vax3 238.327 1.080 Vax4 262.159 
V ax 
multiple   ΔAlpha V ax multiple 1.000 ΔAlpha 
V ax 
multiple 1.100 
Alpha1 -34.596 82.596 Alpha3 48.000 -84.664 Alpha4 -36.664 
V1 289.521 
 
V3 356.174 
 
V4 326.819 
Vu1 -164.386 
 
Vu3 264.689 0.750 Vu4 -195.150 
U1 158.965 
 
U3 162.227 75.000 U4 165.876 
Wu1 323.351 ΔBeta Wu3 -102.462 ΔBeta Wu4 361.026 
Beta1 53.608 -76.872 Beta3 -23.264 77.279 Beta4 54.015 
W1 401.690 
 
W3 259.419 
 
W4 446.169 
M abs 0.443 
 
M abs 0.549 
 
M abs 0.517 
M axial 0.365 
 
M axial 0.368 
 
M axial 0.414 
M rel 0.615   M rel 0.400   M rel 0.705 
  DH 1.230 DH 0.918   
  DF -0.971 DF -1.613   
  λ 0.000 λ 2.737   
  
      
  
  Φ 1.580 
 
R 0.867 
 
  
  
      
  
  
      
  
Stage 2 (TIP) 
Stage 2.1 - Stator Inlet   Stage 2.3 - Rotor Inlet   Stage 2.4 - Rotor Exit 
rt1 (m) 0.724 -0.656 rt3 (m) 0.740 0.740 rt4 (m) 0.758 
Omega 230.383 
 
Omega 230.383 
 
Omega 230.383 
Vax1 238.327 ΔAlpha Vax3 238.327 ΔAlpha Vax2 262.159 
Alpha1 -33.311 79.910 Alpha1 46.598 -81.867 Alpha2 -35.269 
V1 285.183 
 
V3 346.855 
 
V4 321.095 
Vu1 -156.620 
 
Vu3 252.009 
 
Vu4 -185.404 
U1 166.847 
 
U3 170.389 
 
U4 174.595 
Wu1 323.467 ΔBeta Wu3 -81.621 ΔBeta Wu4 359.999 
Beta1 53.618 -72.523 Beta3 -18.905 72.842 Beta4 53.937 
W3 401.784 
 
W3 251.916 
 
W4 445.339 
M abs 0.436 
 
M abs 0.535 
 
M abs 0.508 
M rel 0.615   M rel 0.389   M rel 0.704 
  DH 1.216 DH 0.926   
  DF -0.933 DF -1.644   
  λ 0.000 λ 2.471   
    
R 0.887 
  
 
STAGE 2 BLADE 
  
 
AR 1.400   AR 1.700 
  
 
Avg Span 0.070   Avg Span 0.073 
  
 
Avg Chord 0.050   Avg Chord 0.043 
  
 
Caxmid 0.049   Caxmid 0.042 
  
 
TR 0.950   TR 0.950 
  
 
Caxt 0.048   Caxt 0.040 
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Caxh 0.051   Caxh 0.043 
  
 
σs hub 6.748   σs hub 13.282 
  
 
σs mid 6.702   σs mid 15.375 
  
 
σs tip 6.643   σs tip 17.516 
  
 
Solidity 1.000   Solidity 1.000 
  
 
g(m) 
0.0067
2   g(m) 0.00838 
  
 
rmLE 0.690   rmLE 0.704 
  
 
g/s 0.274   g/s 0.314 
  
 
S 0.025   S 0.027 
  
 
N.O.B 
176.83
9   N.O.B 166.043 
  
 
zweifel 0.800 
 
zweifel 0.800 
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Appendix B 
Stator Blade Models 
 
 
Appendix B.1: BladeGen model for Stator 1. 
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Appendix B.2: BladeGen model for Stator 2. 
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Appendix C 
Optimized Blade Geometry 
 
Appendix C.1: Isometric view of 1.5 stage with optimized R1 vane. 
    
Appendix C.2: Mesh topology for the hub (left) and shroud (right) optimized R1 vane. 
 
Appendix C.3: Top view of 1.5 stage with optimized R1 vane. 
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Appendix D 
Efficiency 
 
The following addresses how ANSYS CFX calculates efficiency. 
 
Appendix D.1: T-s diagrams for compression and expansion processes [as adapted from the ANSYS CFX manual]. 
 
The Total to Total efficiency for a component undergoing expansion (extracting 
work, as in the case for turbine) is the ratio of actual expansion work to isentropic 
expansion work: 
     
       
        
 
where the total enthalpy at point 1 is the mass average value of the user-selected 
inlet boundary condition. The entropy at point 1 is taken as the mass averaged 
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value at a user selected inlet boundary condition. Isentropic enthalpy is evaluated 
from the state equation: 
            ̅              
Polytropic efficiency is also calculated in CFX, by following a path along a line 
of constant efficiency: 
          
       
  
 
where the term    signifies that the work is the polytropic enthalpy change: 
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Appendix D.2: Comparison of CFX turbine performance reports for Baseline vs Optimized R1 designs. 
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Appendix E 
Sensitivity Study 
 
The following sensitivity study addresses the effect of thickness change on the 
optimized R1 airfoil design. Its purpose was to determine whether the separation 
towards the trailing edge could be eliminated through thickness variation, or 
conclude that the separation was inherent to the overall 1.5 stage design (e.g. 
boundary conditions, type of computational mesh, etc.).  
These series of studies concluded that trailing edge separation could not be 
prevented through modification of airfoil thickness. This conclusion leads to the 
hypothesis that the generic 1.5 stage used throughout this investigation has been 
not properly designed, from a performance view-point. As blade optimization (i.e. 
varying airfoil chord length, wedge angles, solidity, etc) involves higher-level 
investigation, it was decided that the elimination of trailing edge separation was 
beyond the scope of this thesis, however it is recognized that trailing edge 
separation affects outlet performance and flow parameters.  
110                                                 Efficiency 
 
M.Sc. thesis                                                                                                                     V. Shulman 
 
Appendix E.1: SS thickness increase, TE radius decreased. 
 
 
Appendix E.2: PS location of maximum thickness shifted downstream, TE radius decreased. 
 
Appendix E.3: PS location of maximum thickness shifted towards centroid, TE radius decreased. 
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Appendix E.4: PS location of maximum thickness shifted upstream, TE radius decreased. 
 
 
Appendix E.5: LE wedge angle 0°, TE radius decreased. 
 
 
Appendix E.6: SS spline modified, TE radius decreased. 
        
